Abstract. We investigate the ergodic behaviour of the basic operator which generates the modified Engel-type alternating series representations of any number in (0, 1] in terms of rationals.
1. Introduction. Let x be any number in the interval I := (0, 1]. Then according to a general alternating series algorithm introduced by A. Knopfmacher and J. Knopfmacher (see [5, 6] ) x has a unique finite or infinite representation in terms of a general alternating series of rationals as follows. where ℵ * = {1, 2,...}, we conclude that the transformation T generates the following unique finite or infinite representation for every x ∈ (0, 1]:
n−1 a 1 + 1 a 2 + 1 ··· a n−1 + 1 a n , (1.3) where α 1 ≥ 1, α n+1 ≥ α n , for any n ∈ ℵ * .
Representation (1.3) is called "modified Engel-type" alternating expansion, while the positive integers α 0 ,α 1 ,...,α n are called digits of the above-mentioned expansion. In particular, we may say that in the case T maps irrational numbers x onto irrational numbers, the series is infinite. In fact x is rational if the digits α i satisfy the condition
The purpose of the present paper is to give some important results arising from the application of ergodic theory to the alternating Engel-type series. More specific, we prove that the transformation T related to the alternating Engel-type series is ergodic with respect to Lebesgue measure λ, but not λ-measure preserving.
For ordinary positive Engel series, an analogous problem has been previously investigated by F. Schweiger [9] (see also [2] ). In particular, Schweiger found out that though the transformation related to the positive Engel series is ergodic, there is no measure which is preserved by this transformation and which is absolutely continuous with respect to Lebesgue measure.
The paper is organized as follows. In Section 2, we present some auxiliary results concerning the alternating Engel-type series in order to make more comprehensible the presentation of this paper. Section 3 includes the ergodic behaviour of the transformation T generating the modified Engel-type expansions (1.3). Finally, in Section 4 we give a brief account of certain concepts of ergodic theory that we need throughout the paper. 
Auxiliary results. We define by
where n is odd. If n is an even number, then the above relations are inverted. Moreover, its Lebesgue measure is given by
For the proof of Theorem 2.1 we refer the reader to C. Ganatsiou [3] . Consider the set
4) where r j (x) is the jth rest of the modified Engel-type alternating series (1.3) defined by 
Proof. At first we prove the relation (2.7) for an arbitrary j = 1, 2,.... If α j (x) = k j , then by (2.5) we take that
Equivalently we obtain that
Therefore, we get
In order to prove (2.6) we take the following cases. If
(2.14)
We repeat the same argument if (ii) n is an even number and the proof is complete.
This theorem corrects the escape of [3, Theorem 2.2.1].
3. The ergodic behaviour of the basic operator. Using the above auxiliary results and the definition (1.2) of the basic operator T , we are able to prove the following statement. 
Proof. Define a linear map
If x ∈ I n , we have that 
for any set E in the Boolean ring R of all finite disjoint unions of intervals (a, b] ⊆ I. By using standard measure theory as in [4] , it follows that the same equation holds for any Borel set E in I. Now let E be a Borel set in I such that T −1 E = E, where T is a measurable, nonsingular transformation. Then we obtain that T −n E = E, for any n ≥ 1.
By relation (3.6) we take that
If U is the collection of all cylinders I n , n ≥ 1 and α j+1 ≥ α j , α 1 ≥ 1, for any j ≥ 1, then any open subinterval of (0, 1] is an at most denumerable (or countable) disjoint union of elements of U(λ a.s.). Therefore
for any set B which is a countable disjoint union of the fundamental intervals I n . Thus, by using Theorem 4.5, Definition 4.3, and the formula (3.9), the proof is complete.
Remark 3.2. Even though the measurable, non-singular transformation T defined by (1.2) is ergodic, it is not a λ-measure preserving transformation, since for any Borel set E we have that 
Then the a.s. limit
for any integrable function g on I, exists.
This means that many asymptotic results (such that the asymptotic frequency of the digits, the arithmetic and geometric means etc.) exists and they can be studied by using concepts and ideas of a specific theory.
Appendix
Definition 4.1. Let (Ω 1 , -1 ,P 1 ) and (Ω 2 , -2 ,P 2 ) be two probability spaces.
(
(iii) A measurable transformation T : Ω 1 → Ω 2 is said to be non-singular if for every E ∈ -2 with P 2 (E) = 0,
is called measure-preserving (or a homomorphism) if it is measurable and for any
(ii) A homomorphism is called an isomorphism if T is an one-to-one map of Ω 1 onto Ω 2 and if T −1 is also a homomorphism.
Now let the two above-mentioned probability spaces be identical.
Definition 4.3. A measurable nonsingular transformation T is called ergodic if the relation T
−1 E = E, for E ∈ -implies P (E) = 0 or P (E) = 1. If the weaker assumption
for E ∈ -already implies P (E) = 0 or 1, then T is called strongly ergodic.
Definition 4.4. If P 1 and P 2 are two probability measures on the probability space (Ω, -), then P 1 is said to be absolutely continuous with respect to P 2 if P 2 (E) = 0 implies P 1 (E) = 0 which we denote by P 1 P 2 . In the case that P 1 P 2 P 1 , then P 1 and P 2 are said to be equivalent.
Under the above definitions we take the following useful classical criterion for ergodicity of Knopp [7] . Theorem 4.5. Let E be a Lebesgue-measurable subset of (0, 1) with P (E) > 0. Assume that there is a collection J of subintervals of (0, 1) with the following properties:
(i) every open subinterval of (0, 1) is at most a denumerable union of disjoint elements of J(P a.s.) and (ii) for every B ∈ J, P (EB) ≥ cP (B) with a constant c > 0. Then P (E) = 1.
An important property of measure-preserving, ergodic transformations is the following Birkhoff-Riesz theorem (for the proof, see Riesz [8] ). 
